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ARROW TYPE IMPOSSIBILITY THEOREMS OVER MEDIAN 

ALGEBRAS 

MIGUEL COUCEIRO, STEPHAN FOLDES, AND GERASIMOS C. MELETIOU 


Abstract. We characterize trees as median algebras and semilattices by re¬ 
laxing conservativeness. Moreover, we describe median homomorphisms be¬ 
tween products of median algebras and show that Arrow type impossibility 
theorems for mappings from a product Ai x • • • x A n of median algebras to 
a median algebra B are possible if and only if B is a tree, when thought of as 
an ordered structure. 


1. Introduction 

Median algebras have been investigated by several authors in the context of 
distributive algebras, semilattices, graphs and hyper graphs and in the framework 
of convex and metric spaces (see, e.g., [3 H El EJ [TO] [El H3 UM QB EE HD])- A 
median algebra is a structure A = (A, m) for a set A and a ternary symmetric 
operation m: A 3 —* A, called median , such that 

m(x,x,y) = x, 

m(m(x, y , z),t, u) = m(x, m (y, t, u), m (z, t, u)). 

In fact, axiom systems using only 4 variables are also known mmm ■ For instance, 
in m it was shown that 

m(x, x, y) = x and m(m(x, w, z), y, z) = m(m(j/, z, w), x, z) 
suffice to axiomatize median algebras. In particular, it immediately follows that 

m(m(x, y, z), y, z) = m(x, y, z). 

It is well known JT5] that each element a of a median algebra A gives rise to a 
median semilattice (A, < Q ) where is given by 

x^ a y ^=> m (a, x, y) = x. 

In this semilattice a is the bottom element and the associated binary operation, 
denoted a q , is defined by x A a y = m(a, x, y). As shown in [18]. median semilattices 
coincide exactly with those a- semilattices whose principal ideals 

| x := {y G A: y < a x} 

are distributive lattices, and such that for any a, 6, c e A, a a b, b a c, c a a have a 
supremum whenever each pair of these meets is bounded above. In such a case, we 
can define a median operation by 

(1.1) m^(x, y , z) = (x a y) v [x a z) v (z a y), 

for every x,y,z e A. Moreover, m = m^ a for every median algebra A = (A, m), 
and every a e A [2], Similarly, every distributive lattice gives rise to a median 
algebra using (ED and the converse also holds whenever there are a,b e A such 
that m(a, x, b) = x for every x e A. 
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Another noteworthy connection is to median graphs , i.e., connected graphs hav¬ 
ing the property that for any three vertices a, b , c, there is exactly one vertex x 
in the intersection of the shortest paths between any two vertices in {a, b 1 c}. As 
shown in [2], the covering graph (i.e., undirected Hasse diagram) of every median 
semilattice whose intervals are finite is a median graph. Conversely, every median 
graph is the covering graph of a median semilattice. For further background see, 
e.g., [3]. 

In [5] the authors studied “conservative” median algebras, i.e., median algebras 
that satisfy m.{x,y, z) £ {x,y,z}, for all x,y,z £ A. Apart from the 4-element 
Boolean algebra, it was shown that conservative median algebras can be repre¬ 
sented by two lower bounded chains whose least elements are identified (thus, they 
can always be regarded as chains). It is noteworthy to observe that they are exactly 
those median algebras whose subsets are themselves median (sub)algebras (in the 
terminology of [1] , those with median stabilization degree equal to 0). Equivalently, 
they were shown to have the 4-element star as a forbidden subgraph. The authors 
in [5] also provided complete descriptions of median-homomorphisms between con¬ 
servative median algebras (with at least 5 elements). 

Theorem 1.1 ([5]). Let A and B be two conservative median algebras (thought of 
as chains) with at least five elements. A map f : A —» B is a median homomorphism 
if and only if f is monotone (i.e., order-preserving or order-reversing). 

This result was then lifted, by making use of dual topological spaces of median 
algebras, to median-homomorphisms between products of conservative median al¬ 
gebras. For each positive integer n , we set [n] = {1,..., n}. 

Theorem 1.2 (JSJ). Let A = Ci x • • • x C ra and B = Di x • • • x Dfc be two finite 
products of conservative median algebras (thought of as chains). Then f : A —> B 
is a median homomorphism if and only if there exist a : [fc] —> [n] and monotone 
maps ft : C a(i) -> D (i) for i £ [k], such that f = (/ ct( i), ..., / CT ( n )). 

In the particular case when k = 1, 

f : Ci x • ■ ■ x C„ —> D 

is a median homomorphism if and only if there is j £ [n] and a monotone map 
g : Cj —*■ D such that f = g o nj. 

In this paper we are interested in median algebras A that are trees (i.e., acyclic 
undirected graphs) when thought of as semilattices: a A-semilattice (resp. v- 
semilattice) is said to be a tree if no pair of incomparable elements have an upper 
(resp. lower) bound. As we will see, such median algebras are obtained by relaxing 
the condition of being conservative: we say that a median algebra A is a (2 : 3)- 
median semilattice if m(x, y, z) £ {x a y, y a z, z a x} for all x, y, z £ A. Following 
the same structure as in [S], we will then proceed to describing the median homo- 
morphisms between (products of) such median algebras. As conservative median 
algebras with more than 4 elements are particular cases of (2 : 3)-median semilat¬ 
tices, these descriptions properly extend results in [S]. Unlike in the latter paper, 
where an extensive use of dual spaces of median algebras took place, in the current 
paper we take a purely algebraic approach. 

The paper is organized as follows. After recalling some terminology and basic 
results on median algebras in Section [21 we introduce the notion of (2 : 3)-median 
semilattice and show, in Section [31 that it captures those median semilattices that 
are trees. The problem of describing homomorphisms between products of me¬ 
dian algebras is then tackled in Section [I] We show that such median preserving 
mappings can be decomposed into homomorphisms of the form 

(1.2) / : Ai x • • • x A„ —> B, 
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and explicitly describe them in the case when B is a tree. Our results are illus¬ 
trated by several examples and their limitations by counter-examples. In Section [5] 
we comment on natural interpretations of our results, namely, when looked at as 
impossibility theorems. In particular, we show that Arrow type impossibility re¬ 
sults for median-preserving proceedures (11.21) (that basically state that they depend 
on at most one argument) can hold if and only if B is a tree. 

2. Preliminary results 

In this section we introduce basic notions, terminology and notation, as well as 
recall some basic facts and well-known results about median algebras as ordered 
sets, that will be used throughout the paper. To avoid a lengthy preliminary section, 
we will restrict ourselves to strictly necessary background, and we refer the reader 
to o sum for further background. 

As discussed in Section [1] when there is no danger of ambiguity, we will not 
distinguish between median algebras and median semilattices. They will be denoted 
by bold roman capital letters A,B,..., while their universes will be denoted by 
italic roman capital letters We will assume that universes of structures 

are nonempty, possibly infinite, sets. 

Let A = (A, m) be a median algebra and let a,b e A. The convex hull of {a, b} 
or the interval from a to b, denoted by [a, b ], is defined by 

[a, b] := {t e A: t = m(a, t, b)}. 

Intuitively, it is the set of all elements of A in the “shortest” paths from a to b , thus 
explaining our choice of notation. 

Proposition 2.1. Let A = (A, m) be a median algebra and let a,b e A. Then 

[a, b] = {m(a, t,b): t £ A}. 

Furthermore, we also have the following useful result. 

Proposition 2.2 Q6|). Let A = (A, m) be a median algebra, and consider a,b,c e 

A. Then 

[a, 6] n [6, c] n [a, c] = {m(a, b , c)}. 

Let A = (A, m) be a median algebra and let a, b e A. Each convex hull of a 
2-element set {a, b} can be endowed with a distributive lattice structure. To this 
purpose, for a e A recall the binary operation a q : A 2 —> A defined by: 

x A a y : = m(a,x,y), for (x, y) e A 2 . 

Note that such an operation is idempotent, commutative and associative. Further¬ 
more, it is not difficult to see that on [a, 6], A a and aj, verify the absortion laws, 
and that for every s e [a., fo], we have 

a < Q s < a b and b s a. 

In fact, we have the following well-known result; see, e.g., [3]. 

Proposition 2.3. Let A = (A, m) be a median algebra. For every a,b e A, 
([a, 6], a a , a {,) is a distributive lattice with a and b as the least and greatest elements, 
respectively. 

Moreover, we also have a general description of median-preserving mappings 
between two median algebras. 

Theorem 2.4. Let A and B be median algebras, and consider a mapping f: A —* 

B. Then the following assertions are equivalent. 

(?) f is a median-homomorphism. 
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(ii) For all p 6 A, f: (A , a p ) —> (B, a/( p )) zs a semilattice-homomorphism. 
(Hi) For all p 6 A, f: (A, ^ p ) —* <(I3, ^/( p )) zs an order-homomorphism. 

(iv) For all a,be A, /([cz,&])c [/(a),/(&)]- 

Proof. We prove the following sequence of implications 

(z) ==> (zz) ==> (zzz) ==> (zz;) ==> (z) 

thus showing that they are all equivalent. 

(z) =► (zz): Suppose that / is a median-homomorphism and p e A. Then 

f(a a p b) = f (m(p, a, b)) = m (f(p), /(a), f(b)) = f(a) a /( p) /(&). 

(zz) (zzz): Straightforward. 

(zzz) (iv): Let t e [a, 6], Then a < a t < a b, and thus /(a) ^/( a ) /(*) ^/(a) 

f(b) from which it follows that f(t) 6 [/(a),/(&)]. In other words, f([a, b]) c: 

[/(a),/(&)]■ 

(zz;) => (z): Let a, 6, c £ A. Bv Proposition 1^1 we have 
{m(a, b, c)} = [a, &] n [6, c] n [c, a]. 

By (zz;), we then conclude that 

/(m(a, b, c)) e [/(«),/(&)] n [/(&), /(c)] n [/(c),/(a)] = {m(/(cz),/(&),/(c))}. 
Therefore, /(m(a, b, c)) = m(/(a), /(&), /(c)). □ 

Corollary 2.5. Let f: A B be a median homomorphism between two median 
algebras A and B. Then, for every a,b e A, f is also a lattice homomorphism from 
<K b], a q , a 6 ) to ([.f (a), f(b )], a /( o) , a /(6) ). 

3. Trees as median algebras 

In this section we focus on median algebras that are trees. In the particular 
case of chains, it was shown that these median algebras are exactly those that are 
conservative, i.e., 

m(x,y,z) e {x,y,z}, x,y,zsA. 

To identify median semilattices that are trees, we propose the following relax¬ 
ation of conservativeness. We say that a median algebra, thought of as a median 
semilattice A = (A, a), is a (2 : 3)-median semilattice if for every x,y,z e A, we 
have 

m(x , y , z) := (x a y) v (x a z) v (z a y) e {x a y, y a z, z a a;}. 

We start with a simple yet useful observation. 

Remark 3.1. Let A = (A, m) be a median algebra such that (A, s% c ) is a tree for 
some (or, equivalently, all) c e A. Then, for all a,b e A, the convex hull [a, 6] is a 
chain from a to b. 

Theorem 3.2. Let A = (A, m) be a median algebra. Then the following assertions 
are equivalent. 

(i) There is p e A such that A = (A, < p ) is a (2 : 3)-median semilattice. 

(ii) For all p e A, A = (A, ^ p ) is a (2 : 3)-median semilattice. 

(zzz) There is p e A such that A = (A, < p ) is a tree. 

(iv) For all p e A, A = (A, ^ p ) is a tree. 

(v) For all a,b e A, the bounded distributive lattice ([a, b], A a , Af,) is a chain. 
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Proof. We prove the following sequence of implications 

(ii) =^> ( i ) ==> (Hi) ==> ( iv ) (v) => ( iv ) (ii), 

thus showing that they are all equivalent. 

(ii) =^> (i): Straightforward. 

(i) =^> (Hi): Suppose that A = (A, ^ c ) is a (2 : 3)-median semilattice. To 
show that it is a tree it suffices to show that for every pair a,b e A with a common 
upper bound, we have a < p b or b < p a. 

So suppose that c e A is a common upper bound of a and 6, that is, m(p, a,c) = a 
and m(p, b , c) = b. Since A = (A, < c ) is a (2 : 3)-median semilattice and c is an 
upper bound of a and b , 

(3.1) m(c, a, b) e (m(p, a, b), a, b). 

Note that since m is a median, 

m(p, m(a, c, 6), a) = m (b, m(a, a,p), m(c, a,p)) = m (b, a, a) = a , 

and thus a < p m(c, a, b). Similarly, we have b ^ p m(c, a, 6). 

Now, if m(c, a, 6) = m(p, a, b) in (13.11) . then m(c, a, 6) =% p a since m(p, a, 6) =% p a. 
Hence, a = m(c, a, b). Similarly, we also have b = m(c, a, 6), and thus a = b. 

If m(c, a,b) = a in (13.111 . then 

m (p, a, b) = m(m(c, a, 6),p, 6) = m(a, m (c,p, b), m (b,p, b)) = m(a, b, b) = b, 

and thus b < p a. Similarly, if m(c, a,b) = b in (13.11) . we conclude that a < p b. 

Since in all possible cases we have that a < p b or b sg p a, A = (A, < p ) is a tree. 
(Hi) =^> (w): Straightforward. 

(iv) ==> (v): Let s,f e [a, b]. Thus a < a s,t b, and s, t have a common 
upper bound in (A, ^ Q ). As (A, ^ Q ) is a tree, s and t cannot be incomparable, and 
hence the interval [a, 6] is a chain. 

(v) =^> (iv): Let a, &,p e A and suppose that a and b are incomparable in 

A = (A, < p ). Note that p ^ p a, b. 

For the sake of a contradiction, suppose that a and b have a common upper bound 
d e A, that is, p < p a, b s% p d. However, by (v) the interval [p, d] is a chain and 
thus we must have a < p b or 6 ^ p a, which constitutes the desired contradiction. 

(iv) ==> (ii): Let p e A. As A = (A, < p ) is a tree, for every a, b, c e A, we have 
that a a b,b a c and c a a are pairwise comparable, and thus 

m (a, b,c) e {a a b,b a c,c a a}. 

Hence, A = (A, < p ) is a (2 : 3)-median semilattice. □ 

Remark 3.3. Other equivalent descriptions of trees as median semilattices are given 

in [3 [ISj. 

Remark 3.4. As mentioned, conservative median semilattices A are (2 : 3)-median 
semilattices, whenever |A| > 5. Hence, Lemma 3 and Theorem 3 in [5] follow as 
corollaries of Theorem In fact, the conservative median semilattice {0, l} 2 is 
the only “pathological” case. 

4. Median-homomorphisms over trees 

Let Ai, • • ■ , A„ and Bi, ■ • ■ , B& be median algebras. We seek to decsribe median- 
homomorphisms of the form 

(4.1) /: Ai x • • ■ x A n -» Bi x • • • x B ft . 

For each j e [fc], let tt 7 denote the j-th projection on Bi x • ■ ■ x B/., i.e., the 
mapping 

nj : Bi x • • • x Bfc —> Bj. 
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It is easy to see that if / is a median-homomorphism, then the composition 
9j = n j ° f '■ Ai x • • • x A„ —> Bj 

is a nredian-homomorphism. As the converse holds trivially, possibly with repeated 
gj’s (as they are not necessarily pairwise distinct), we get the following result. 

Lemma 4.1. Let Ai,-- - , A„ and Bi,-- - , B& be median algebras. A mapping 
f: Ai x • • • x A„ —> Bi x • • • x B*, is a median-homomorphism if and only if there 
are median-homomorphisms 

9j • Ai x • x A„ > By. j g [fc] , 

such that f = (< 7 i,... ,gk)- Moreover, we have gj = irj o / for the projection 
TTj : Bi x ■ • ■ x Bfc —* Bj, j G [fc]. 

Hence the description of median-homomorphisms EH) boils down to describing 
median-homorphisms of the form 

/ : Ar x ■ • ■ x A n -> B 

from a finite product of median algebras Ai, • • • , A„ (thought of as median semi¬ 
lattices) to a median algebra B. The general answer to this question still eludes us, 
but we can provide explicit descriptions of such mappings when B is of a special 
type. We start by making some useful observations. 

A function / : Ai x • • • x A„ —» B is called an n-median-homomrphism if its 
“unary sections” fi: Aj —> B (obtained from / by fixing all but the i-th argument) 
are median-homomorphisms. It is easy to verify that every median-homomorphism 
is an n-median-homomorphism. However, the converse is not true. To see this, let 
Ai = A 2 = B be the two element median algebra, and consider /: Ai x A 2 —► B 
given by /(1,1) = /(0,1) = /(1,0) = 1 and /(0,0) = 0. Clearly, / is a 2-median 
homomorphism but it is not a median-homomorphism: for a = (0,0), b = (0,1) 
and c = (1,0) we have 

/(m(a, b, c)) = /(0, 0) A m(l, 1, 0) = m(/(0,1), /(l, 0), /(0, 0)). 

Now we consider some particular cases, namely, when B is a chain (or, equiv¬ 
alently, a conservative median algebra) and when it is a (2 : 3)-semilattice (or, 
equivalently, when B is a tree). 

We start with the case when B (thought of as median semilattice) is a chain. 

Proposition 4.2. Let Ai,-- - , A„ be median algebras and let B be a chain with 
\B\ ^ 2. A mapping f : Ai x • • ■ x A n —> B is a median-homomorphism if and 
only if there is an i e [n] and a median-homomorphism g : A; —* B such that 

f(xi, ■ ■ ■ ,x n ) = g(xi), for all (x\, ..., x n ) e Ai x • • ■ x A n . 

In other words, f is an essentially unary median-homomorphism. 

Proof. Clearly, sufficiency holds. To prove necessity we show that / cannot depend 
on two different arguments. 

For the sake of contradiction, suppose that / depends on at least 2 of its ar¬ 
guments. Without loss of generality, we may assume that they are the first two. 
Hence, there are a, b G Ai and cg Aj x • • ■ x A„ such that /(c“) > f(c\), where 
cf denotes the tuple obtained from c by setting its i-th component to x. 

Claim 4.3. For every d G Ai x • • • x A n , /(d“) > f(d\). 

Proof. Just consider the tuples c“,cj,d“ and c“,c^,dj, and use the fact that / is 
a median homomorphism. □ 
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£/ a,a \ 

/(c 1,2 ) 



Figure 1. A square as in proof of Proposition 14.51 


Similarly, there are a', b 1 e A 2 and c' e Ai x • • • x A n such that f(c' 2 ) > /(c '2 ). 
Again, we conclude that for every d 6 Ai x • • • x A n , we have 

Z(dS') > fiAt)- 

Observe that, in particular, /(d"’^' ) > /(d^ ), fAi '2 ) ^ /(d b, 2 ). As B is a chain, 
we must have 

/(<“') > /(d“f) or /(d#) < /(d“f). 

Without loss of generality, suppose that ^ holds. 

Claim 4.4. If / is a median homomorphism, then /( df 2 ) = f{d b { 2 ). Similarly, If 
/ is a median homomorphism, then /(d “’2 ) = /(dj' 2 ). 

Proof. We prove the first claim; the second follows analogously. To see that we 
cannot have >, consider the tuples 

/(d?; 2 a ') > /(<“') ^ /(d“f) 

to conclude that / cannot then be a median-homomorphism. □ 

As Claim 1431 and Claim ITT1 contradict one another, the proof of Proposition 021 
is now complete. □ 


The case when B is a (2 : 3)-semilattice (or, equivalently, when B is a tree), 
follows from Proposition 14.21 by observing that if a and b are distinct elements of 
B, then [a, 6] can be thought of as a chain (see Remark |3. 111 . In this case, we can 
reason as in the proof of Proposition 14.21 to obtain a more general result, namely, 
when B is not necessarily a chain but a median algebra whose median graph is a 
tree. 


Proposition 4.5. Let Ai,-- - , A n be median algebras and let B be a tree. A 
mapping f : Ai x • • • x A n —> B is a median-homomorphism if and only if there is 
an i e [n] and a median-homomorphism g : Aj —> B such that 

f(xi,...,x n ) = g(xi), for all (aq,..., x n ) 6 A x x ■ • • x A n . 

In other words, f is an essentially unary median-homomorphism. 

Proof. We provide an additional proof, alternative to that indicated in the para¬ 
graph preceding Proposition 14.51 

As in the proof of Proposition 14.21 suppose that / depends on at least 2 of its 
arguments. Without loss of generality, we may assume that they are the first two. 
Hence, there are a,b e Ai and c e Ai x • • • x A n such that /(c“) ^ /(cj). As in 
Claim 021 it is easy to see that the same holds for all d e Ai x ■ • • x A„. 

Similarly, if the second argument of / is essential, then are a!,b' 6 A 2 and 
c! e Ai x • • • x A n such that /( c' 2 ) ^ /( d\ ). Once again, we have in fact that 
f(di) * /( df ), for all d' e A 1 x • • • x A„. 
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(a) Ai 


(b) A 2 


Figure 2. Examples of A-semilattices. 

Hence, we have that /(c^’|) for (x , y) 6 {a, b} x {a', 6'}, are pairwise distinct. By 
picking p of the form /(c“’|), it then follows that the four points /(c^’j) e B form 
a square as in Figured This contradicts the fact that B is a tree. □ 

By Proposition 14.51 to describe median-homomorphisms of the form 

/ : Ai x • • • x A n —> B 

in the case when Ai, • • • , A„, are median algebras and B is a tree, it suffices to 
describe median homomorphisms /: A —* B for a median algebra A and a tree B . 
Such descriptions follow from Theorem 12.41 

In the case when both A and B are trees, Theorem 12.41 together with Corollary 
12.51 and Theorem 13.21 imply the following proposition. 

Proposition 4.6. Suppose that the median algebras A and B are trees, and con¬ 
sider a mapping f: A —► B. Then the following assertions are equivalent. 

(i) f is a median-homomorphism. 

(it) For all a,b e A, the induced mapping f: ([a, b], < a ) —► ([/(a), /(&)], =%/( a )) 
is an isotone function between chains. 

In the case when A is a tree and B is an arbitrary median algebra, Theorem 12.41 
can be strengthened by an additional and equivalent assertion, namely, the exis¬ 
tential variant of its assertion (ii). 

Theorem 4.7. Let A be a tree and B an arbitrary median algebra. Then we have 
that one (or, equivalently, all) assertions in Theorem \2-4\ are equivalent to 

( ii') There is a p e A such that f: (A, a p ) —» (B,/\f( p f) is a semilattice- 
homomorphism. 

Proof. We show that (ii') ==> (i). In this way we have 

(n) ==> (U') => (i) => (ii) 

and thus they are all equivalent. So suppose that (A, a p ) is a tree and that 

/■ a p) —* A /(p)) 

is a semilattice-homomorphism. In particular, for every a, b, c e A, we have that 

m(a, b , c) G {a a p b , b a p c,c a p a}, 

and that /: ( A , —» ( B , ^/(p)) is an order-homomorphism. 

Without loss of generality, assume that m(a, b,c) = a a p b. Hence, 

a A p b = m(a, 6, c) = (a a p b) v p (b a p c) v p (c a p a) ^ p b a p c, c a p a, 

and, from the assumption that / is a semilattice-homomorphism, 

/( m (a, b , c)) = f (a A p b) = f(a) a f{p) f(b) > f(p) f(b) a f{p) /(c), /(c) a f{p) f(a). 
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Therefore, 

m ( f{a)J(b),f(c )) 

= (/(«) A /( P ) /0)) v/( p ) (/(&) A /(p) /(c)) v/ (p) (/(c) a f (p) /(a)) 

= /(a) A /(p) /(&) = /(m(a, b, c)) 

and the proof of (ii') ==> (i), and thus of the theorem, is now complete. □ 


Remark 4.8. Note that the existential variant of (Hi) in Theorem l2.4l is not equiv¬ 
alent to ( i ) even in the case when A is a tree. To see this, consider the function on 
Ai (see Figure 2(a)) that maps a , b to a, and leaves c and d fixed. Then it is an 
order-homomorphism for p = a, but it is not a median-homorphism. 


Remark 4.9. Note also that Theorem 1X71 does not necessarily hold in the case 
when A is not a tree, even if B is conservative. For instance, let A be the median 
algebra given in Figure [2(b) | and B the 4-element chain 1,2,3,4, and consider 
the mapping that sends d, d! to 4, b 1 c to 2, and a to 1. Then, for all p e A, 
/: (A, a p ) —> (B, is an order-homomorphism, but it is not a semilattice- 

homorphism for p = a (although it is a semilattice-homorphism for p = d'). 


Problem 1. Given an arbitrary median algebra B, describe those median algebras 
A for which Theorem 14.71 holds. 


5. Concluding remarks 

In this paper we proposed a natural relaxation of conservativeness as consid¬ 
ered in [5], which is of quite different flavour than that proposed in mm, and 
showed that it axiomatizes the class of median algebras that are trees. Moreover, 
we considered mappings 

/ : Ai x • ■ • x A n -> Bi x • • ■ x B k 

from products of arbitrary median algebras to products of (2 : 3)-semilattices (or, 
equivalently, trees) and showed that those that preserve the median structure of 
Ai x • • • x A n can be decomposed into median-homomorphisms g: A; —» Bj. The 
latter are described in Theorem 12.41 and, in the particular case when A* is a tree, 
also in Proposition 14.61 and in Theorem Id.71 
In the way, we looked into mappings 

/ : Ai x • • • x A n —> B, 

where Ai, • ■ ■ , A n are arbitrary but where B is a (2 : 3)-semilattice, that is, B is 
a tree. The description of such median-homomorphims was then given in Proposi¬ 
tion [XH1 from which it follows that they are essentially unary. 

Looking at them as aggregation proceedures that are not dictatorial (i.e., that 
depend on at least two arguments), this translates into an impossibility theorem 
variant to that of Arrow [T]. 

Now the natural question is to determine whether Proposition 14.51 still holds for 
an arbitrary median algebra B. More precisely: 

Problem 2. Given arbitrary median algebras Ai, • • • , A„, describe those median 
algebras B for which all median-homomorphisms / : Ai x • • • x A„ —» B are trivial, 
i.e., essentially unary. 

Towards a solution to this problem, consider the following example. Suppose 
that B is an arbitrary median algebra thought as a a -semilattice that is not a tree. 
Thus, there are a, 6 e B with a nontrivial upper bound c, i.e., c > a,b > a a b. Set 





10 MIGUEL COUCEIRO, STEPHAN FOLDES, AND GERASIMOS C. MELETIOU 

p = awb 1 q = a/\b. Note that, together with a and b 1 they form a square. Now, 
consider the median algebras Ai = A 2 = {0,1}. Then / : Ai x A 2 —> B given by 

/(1,1)=P, /(0,l) = o, /(l) 0) = b, f{0,0) = q 


is a median homomorphism that depends on both of its variables. In other words, 
this is a counter-example to Problem [21 

Now this example can be easily extended to mappings / : Ai x ••• x A n —> B 
and, as we have seen, the condition that B is a (2 : 3)-semilattice (i.e., a tree 
or, equivalently, does not contain a square as an order substructure) forces such 
median-preserving mappings to be essentially unary. From these considerations, 
we can thus provide an answer to Problem [21 namely: 

Corollary 5.1. All median-homomorphisms f : Ai x • • • x A n —► B are essentially 
unary if and only if B is a tree. 


References 

[1] K.J. Arrow. A difficulty in the concept of social welfare. Journal of Political Economy, 
58(4):328-346, 1950. 

[2] S. P. Avann. Metric ternary distributive semi-lattices. Proceedings of the American Mathe¬ 
matical Society, 12:407-414, 1961. 

[3] H. J. Bandelt and J. Hedlfkova. Median algebras. Discrete mathematics, 45:1-30, 1983. 

[4] H.-J Bandelt, M. Van De Vel. The median stabilization degree of a median algebra. Journal 
of Algebraic Combinatorics , 9(2):115-127, 1999. 

[5] J.-P. Barthelemy. Caracterisation mediane des arbres. Annals Discrete Math., 17:39-46, 
1983. 

[6] G. Birkhoff and S. A. Kiss. A ternary operation in distributive lattices. Bulletin of the Amer¬ 
ican Mathematical Society, 53:749-752, 1947. 

[7] G. Birkhoff. Lattice Theory, volume 25 of American Mathematical Society Colloquium Pub¬ 
lications, revised edition. American Mathematical Society, New York, 1948. 

[8] M. Couceiro, J.-L. Marichal and B. Teheux, Conservative median algebras and semilattices. 
To appear in Order. 

[9] B. A. Davey and H. A. Priestley. Introduction to lattices and order. Cambridge University 
Press, New York, second edition, 2002. 

[10] E. Evans. Median lattices and convex subalgebras. In Universal Algebra, volume 29 of Collo- 
quia Mathematica Societatis Janos Bolyai, pages 225-240. North-Holland, Amsterdam, 1982. 

[11] G. Gratzer. General lattice theory. Birkhauser Verlag, Basel, second edition, 1998. New ap¬ 
pendices by the author with B. A. Davey, R. Freese, B. Ganter, M. Greferath, P. Jipsen, H. 
A. Priestley, H. Rose, E. T. Schmidt, S. E. Schmidt, F. Wehrung and R. Wille. 

[12] J. R. Isbell. Median algebra. Transactions of the American Mathematical Society, 
260(2):319-362, 1980. 

[13] M. Kolibiar, T. Marcisova. On a question of J. Hashimoto. Mat. Casopis, 24:179-185, 1974. 

[14] B. Monjardet. Caracterisations metriques des ensembles ordonnes semi-modulaires. Math. 
Sci. Hum., 56:77-87, 1976. 

[15] B. Monjardet. Theorie et applications de la mediane dans les treillis distributifs finis. Annals 
Discrete Math., 9:87-91, 1980. 

[16] H.M. Mulder, A. Schrijver. Median graphs and Helly hypergraphs. Discrete Math., 25, 41-50, 
1979. 

[17] M. Sholander. Trees, lattices, order, and betweenness. Proceedings of the American Mathe¬ 
matical Society, 3(3):369—381, 1952. 

[18] M. Sholander. Medians, lattices, and trees. Proceedings of the American Mathematical Soci¬ 
ety, 5(5):808-812, 1954. 

[19] P.J. Slater Medians of arbitrary graphs J. Graph Theory, 4:389-392, 1980. 

[20] E.R. Verheul. Multimedians in Metric and Normed Spaces. CWI Tract, Vol. 91, Centrum 
voor Wiskunde en Informatika, Amsterdam, The Netherlands, 1993. 


ARROW TYPE IMPOSSIBILITY THEOREMS OVER MEDIAN ALGEBRAS 


11 


LORIA (CNRS - Inria Nancy Grand Est - Universite de Lorraine), Equipe Or- 
pailleur, Batiment B, Campus Scientifique, B.P. 239, F-54506 Vandoeuvre-les-Nancy, 
France 

E-mail address-, miguel.couceiro[at]inria.fr 

Tampere University of Technology, PL 553, 33101 Tampere, Finland 
E-mail address: sf [at]tut.fi 

TEI of Epirus, PO Box 110, 47100 Arta, Greece 
E-mail address: gmelet[at]teiep.gr 



